HAUSDORFF MEASURE OF JULIA SETS IN THE 
EXPONENTIAL FAMILY 
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Abstract. We consider the Hausdorff measure of Julia sets and escaping sets of 
exponential maps with respect to certain gauge functions. We give conditions on 
the growth of the gauge function which imply that the measure is zero or infinity, 
tyy . respectively. 

q 

^ ■ 1. Main result and outline 

a . 

1.1. Introduction and main result. The exponential family consists of all func- 
tions E\(z) := Xe z , where A G C \ {0}. Denote by E x the n-th iterate of E\. The 
Fatou set J-'(Ex) is the set of points where the iterates E x of E x form a normal family 
j> ■ in the sense of Montel (or equivalently, where the iterates are equicontinuous) . The 

complement of F(E\) is the Julia set J (Ex). The escaping set I (Ex) is the set of 
all points z such that Ex(z) tends to infinity as n — > oo. A result of Eremenko and 
Lyubich [5] implies that I (Ex) C J (Ex). The function E\ is called hyperbolic if there 
cn ' exists z eC with E%(zq) = z and \(E%)'(z )\ < 1. 

A gauge function is a monotonically increasing function h : [0, e) — > IR>o (where 
<^ e > 0) which is continuous from the right and satisfies h(0) = 0. Define 

^ , ( oo oo 

H h (A) := hminf < ^ /i(diam A») | (J A, D diam A4 < 5 for every % 

c3 : 

Then 7i is a metric outer measure on C, called the Hausdorff measure with respect 
to h. In the special case where h s (t) := t s for some s > 0, is the s- dimensional 
outer Hausdorff measure. Given A C C, it is well known that there exists s > 
such that 7i hS (A) = 00 if s < s and H hS (A) = if s > s . This value s is called the 
Hausdorff dimension of the set A, which we will denote by HD(A). 

It was shown by McMullen [9] that HD(J'(Ex)) = 2 for all A, whereas Julia sets 
of hyperbolic exponentials have zero Lebesgue measure (the latter result was shown 
independently by Eremenko and Lyubich, [6]). McMullen further remarked that 
J (Ex) always has infinite Hausdorff measure with respect to the gauge functions 
t 1— > t 2 log fc (l/t), where k G N is arbitrary. 

These results give rise to the question of characterizing the gauge functions h with 
H h (J(E x )) = 00 (resp. H h (J(E x )) = if E x is hyperbolic). 

If < A < 1/e, Ex has exactly two real fixed points ax and flx, where ax is 
attracting (i.e. E' x (ax) < 1) and fix is repelling (i.e. E' x (f3x) > 1). Recall that 
a classical result of Kcenigs implies that there exists a holomorphic function $a, 
defined in a neighborhood V of /5a, which satisfies $a(A0 = 0, &' x (/3x) = 1 and 



(1.1) 



$x(E x (z)) = Px^x(z) for all z such that z,E x (z) G V. 
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The proof of Koenigs' theorem (and of some other results stated here without proof) 
can be found in standard monographs about complex dynamics (e.g. p], pU], [17]). 

It is easy to see that Q\(U DM.) C K. and that (11.11) admits a real- valued continuation 
of $a to [/3\, oo). Further, §\(x) tends to oo as x — > oo, but slower than any iterate 
log fc of the logarithm. 

Our main result is the following: 

Theorem 1.1 Let A G (0, 1/e). Define (3\ and $a as above. Let K\ := . loj L 2 and 

log PAq 

let h(t) = t 2 g(t) be a gauge function. 
(a) // 

lim lilt : ; — > A An , 

t~0 log$ Ao (lA) 

then TL h (J(Ex)) = oo for every A G C \ {0}. The measure Ti, h is not even 
a -finite on J (Ex). 



00 // 



hmsup — j—tt < Kx n , 

f_0 P log<l>A (lA) 



then H h (J(E x )) = i/ A G (0, 1/e). 

We will prove this theorem by showing that if h(t) = h\ 0jJ (t) := t 2 $A (lA) 7 > 
then H h (J(E x )) = oo when 7 > log2/log/5 Ao and (provided that A G (0, 1/e)) 
Ti. h (J^(Ex)) = when 7 < log 2/ logP\ Q . Hence we will use the functions h\ tl very 
frequently. 

We show further that statement (a) of the above theorem remains true if we replace 
J(E\) by I (E\), and that statement (b) is still valid if A is a hyperbolic parameter 
or if we replace J (Ex) by I(E\) and A is arbitrary. In (b), the constant Kx then has 
to be replaced by a smaller constant which not only depends on Ao, but also on A. 

There is a vast literature on dynamics of exponential maps. We mention only a 
few results. Devaney and Krych [4] proved that J (Ex) is a 'Cantor bouquet' for 
< A < 1/e, i.e. it is homeomorphic to the product of a Cantor set and the line 
[0,oo). Schleicher and Zimmer [16] proved that I (Ex) consists of curves for all A. 
Karpihska ([7], [8]) proved the following dimension paradox: For < A < 1/e, the 
Hausdorff dimension of the endpoints of the curves which form the Cantor bouquet 
is 2, but the Hausdorff dimension of the curves without endpoints is 1. Urbahski and 
Zdunik [IE] showed that the Hausdorff dimension of the set of non-escaping points in 
the Julia set of a hyperbolic exponential map is always less than 2. Further, Rempe 
[T2] proved an analogue of Bottcher's theorem for exponential maps. The last two 
results mentioned will be used later in this work. 

For an introduction to the dynamics of exponential maps, we refer the reader to 
the extensive surveys by Devaney |3j and Schleicher fT5], as well as Rempe's article 
mentioned above. For an introduction to general transcendental dynamics, see e.g. 
Bergweiler [2]. 

1.2. Outline of the paper. In section 2, we provide some notations that we will 
use throughout this work. After that, we review some basic results from function 
theory and apply them to obtain results about distortion of holomorphic maps. 
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In section 3, we develop a sufficient condition for a gauge function h such that 
J[E\) has infinite (not even a-finite) Hausdorff measure with respect to h. The ideas 
of the proof are due to McMullen, but we have to estimate things more carefully. 

Section 4 gives a sufficient condition for a gauge function h such that J(E\) has 
zero Hausdorff measure with respect to h. In contrast to section 3, this h depends 
on A. Further, A is restricted to values between and 1/e. 

In section 5, we show that the restriction that h depends on A in unnecessary by 
showing that if (3J^ = (3^ , the two resulting gauge functions from section 4 have the 
same growth, i.e. their quotient can be estimated from above and below by positive 
constants. After that, we prove Theorem 11.11 and describe how its statement can be 
generalized to Julia sets of hyperbolic exponential maps and escaping sets of arbitrary 
exponential maps. 

Acknowledgements. I deeply thank Walter Bergweiler for his constant support 
and advice. I am grateful to Albert Clop, Adam Epstein, Boguslawa Karpihska, 
Janina Kotus, Lasse Rempe and Dierk Schleicher for many interesting and fruitful 
discussions about this work. Further, I thank the EU Research Training Network 
CODY for their financial support. 



2. Notations and preliminaries 

2.1. Notations. For z G C, let 5te and denote the real and imaginary parts of z. 
If Zq G C and r > 0, we write D(z , r) for the disc in C with center z and radius r 
with respect to the euclidean metric. By D := D(0, 1) we denote the open unit disc 
in C. For 6 G R, let Q(z ,r, 9) be the square with center z and side length r whose 
sides have angle 9 with the coordinate axes. Thus 

Q(0,r,0) = jz G C max{9fcz,az} < ^} 

and 

Q{z ,r,9) = z + e ie Q(0,r,0). 

If the angle 9 is not important, we will suppress it and just write Q(z ,r) in order 
to increase readability. If A C C is Lebesgue-measurable, we denote its Lebesgue 
measure by \A\. If A, B C C are (Lebesgue-) measurable and < |JB| < oo, we write 
dens(A, B) for the density of A in B, i.e. 



dens(A,B) 



\A n B\ 

\B\ 



If x is a real number, we denote by [x] the largest integer which is not greater than 
x. We denote the postcritical set of E\ by P(E\), i.e. 



P(E X ) := |J £7»(0). 



neNo 



For the remainder of this paper, let A' G (0, 1/e) be fixed. Set E := E\>, (3 := /3\>, 
$ := $y and /i 7 := h\> n for 7 > in order to suppress indices (for the definition of 
the right sides, see section 1). 
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2.2. Basic results. In this section, we provide most of the tools that are needed to 
prove Theorem 11.11 

We start with the so-called 'blow-up property' of Julia sets. Recall that the back- 
ward orbit of z G C consists of all points w G C such that f n {w) = z for some 
n G N. 

Lemma 2.1 Let f be an entire function. If U C C is an open set intersecting J{f) 
and K C C is a compact set which does not contain any point with finite backward 
orbit, then there exists n G N such that f n {U) D K for all n > n . 

The next result follows directly from Cauchy's integral formula: 

Lemma 2.2 If a holomorhic function f maps D(z 0l r) into a disk of radius s, then 

\f(zo)\<~ 
r 

The following lemma is a simple application of the Koebe growth and distortion 
theorems. 

Lemma 2.3 Let z G C, r > 0, / : D(z ,r) — > C be a univalent function and 
z G D(z , r). Then 



(2-1) r 2 \n*)\ {T+ [ z _°[ ? < < ^l/WI 

and 

(2-2) r 2 i/Vo)i 7- ] Z ~ Z °[^ < \f(z)-f(zo)\ < r 2 \f(z )\ 



r + 


\Z - Zq 




(r — 


z-z Q \f 





z 


- z 




(r — 


z-z \y 



Koebe's theorems imply in particular that the class S of all univalent functions 
/ : D — > C such that /(0) = and /'(0) = 1 is normal. This yields the following 
result. 

Theorem 2.4 For every e > 0, there exists 5 > such that if f G S and z G © with 
\z\ < 5, then 

m 



< e. 

Let A C C either be open and bounded or the closure of such a set. A function 
/ : A —> C is said to have bounded distortion if / is a bilipschitz mapping, i.e. 

0<C/:= inf l/(f-/WI<3u P I'W-'MUo^c 

z,weA \Z — W\ z,wGA \Z — W\ 

The distortion of / is then defined as D(f) := Cf/cf. 

It can be easily shown that if A is open and / has bounded distortion, then / 
extends to a function on A with the same distortion as /. Conversely, if A is the 
closure of an open bounded set, then f\mt(A) has the same distortion as /. Note that 
maps with bounded distortion are injective. 

Some simple properties of holomorphic functions with bounded distortion are sum- 
marized in the following lemma. 
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Lemma 2.5 Let U C C be bounded and open. Let f : U — > C be a holomorphic 
function with bounded distortion. Then the following statements hold: 

(a) D(f) = D(f-i) 

(b) IfVD f(U) is a domain and g : V — > C is univalent with bounded distortion, 
thenD(gof)<D(g)D(f) 

(c) If A C U is Lebesgue-measurable, then f(A) is Lebesgue-measurable and 

dens(A,U) < D(f) 2 dens(f(A), f(U)) 

(d) For every z G U , 

c f <\f(z)\<c f D(f) 

Using the Koebe theorems, we obtain a simple result which will allow us to estimate 
the distortion of a map: 

Lemma 2.6 Let z G C, r > 0,K > 3. Let f : D(z ,Kr) —> C be a univalent 
function. Then 

D(f\ D{zo ,r)) < (§^\) 6 - 

From this result we obtain immediately 

Lemma 2.7 Let Qx, ■ ■ ■ ,Q n be a finite sequence of squares in C with the same side 
length r, i.e. Qi = Q(ai, r) for some ai G C. Let K > 3 and fi : Qi — > C be univalent 
maps such that Qi+i C fi(Qi) for every 1 < i < n — 1. Suppose that both f n and 
fi 1 o . . . o f~^i\Q n can be extended univalently to D(a n , Krj a/2). Let 

F:= (f n o...of 1 )- 1 :f n (Q n )-^Q 1 . 

Then 



independent of n 

In particular, if there exists an entire function / such that all the fi are restrictions 
of / to Qi, then (f n )~ l (restricted to f(Q n )) has uniformly bounded distortion. This 
was already shown by McMullen [9] using different techniques. 

Now we are ready to state the result that any square which is small enough will 
be mapped under an arbitrary univalent function / to a set which is almost square- 
shaped. This result is an application of Theorem 12 .41 

Lemma 2.8 For every l/y/2 > e > 0, there exists a constant K > 1 with the follow- 
ing property: Let z G C, r > 0, K' > K , a univalent function f : D (zq, K'rj \/2) — > 
C and a square Q = Q(zo, r, 6) be given. Let f '■= f\q and d := D(f) be the distortion 
off. Then 

Q (f(z ), \f(z )\ ri (l-V2e),6 + arg/'(z )l C f(Q) 
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and 



f(Q) C Q (f(z Q ), \f(z Q )\rd (l + V2e),9 + arg /'(*„)) 



3. The estimate from below 



In this section, we prove that if (3 1 > 2, then the Julia set of any exponential map 
E\ has infinite (even non-a-fmite) Hausdorff measure with respect to h 7 . 

3.1. Preparations. We keep this section rather short, since most of the work done 
here is an obvious generalization of methods developed by McMullen or consists of 
simple calculations. 

We first define what it means for a family of sets to satisfy the 'nesting conditions'. 

Definition 3.1 (nesting conditions) For k G N, let Ak be a finite collection of 
compact, disjoint and connected subsets of C with positive Lebesgue-measure. Let 
A k be the union of the elements of Ak- We say that {Ak} satisfies the nesting 
conditions if it has the following three properties: 

(a) For every fceN and F G A k +i, there exists some F 1 G Ak such that F C F' . 

(b) There exists a decreasing sequence (dk) converging to such that 



(c) There exists a sequence (A&) of positive reals such that 
dens(A fc+ i, F) > A k for all k G N, F G A k . 
The intersection A : = DfeLi is a non-empty and compact set. 

We will use the following Frostman-type lemma (see e.g. [11], Theorem 7.6.1). 

Lemma 3.2 Let h be a continuous gauge function and /i be a Borel probability mea- 
sure on C. Let X C C be /^-measurable and < c < oo. If 



then H h (X) > fj,(X)/c. 

The key lemma to the proof of this section's main result is 

Lemma 3.3 Let {Ak} be a collection of families of sets which satisfies the nesting 
conditions (with properly chosen sequences (dk) and (Ak)). Let A be defined as above. 
Let e > and g : (0, s) —> M>o be a decreasing continuous function such that t 2 g(t) 
is increasing. Further, suppose that \\m t ^t 2 g(t) = and 



max diam(F) < dk for all k G N 



(3.1) 



lim sup 

r-»0 



h(r) 



< c for all z G X, 



(3.2) 



k— >oo 



lim g(d k ) 1 I A,- = oo. 



Define 




t > 



t = 



Then h is a continuous gauge function and we have H' 



(A) = oo. 
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Proof. The proof follows ideas of McMullen ([9j, Proposition 2.2), we only give a 
sketch here. First note that h is clearly a continuous gauge function. 

For F G A, we define Ti(F) := \F\ / \Ai \ . For F G Ak+i, there exists a unique 
G G Ak such that F C G. Denoting by Fj the elements of ^4a,+i that are contained 
in G, we define 

r k+1 (F) := s^MG). 

i 

Now we set X := \J km A k U \J keN {M C C | M n A fc = 0} and define r by 



r : # -> R> 0i 5h 

By setting 

{oo 
r(Bi) Bc[jB t ,B t e X, diam( J B i ) < 5 
i=l iGN 

we obtain a metric outer measure on C. The restriction /i of r/ to all ^-measurable 
sets is a Borel probability measure supported on A with //(A) = 1. It is easy to see 
that /i coincides with r on every Ak- 

Let z 6 i4, r > and D := D(z,r). Choose k G N such that dk > r > d k+ i. 
Note that tends to infinity if and only if r tends to 0. Let D be the union of 
all sets in Ak+i which intersect D. Then diam(D) < 4r. Since \i is supported 
on A, we see that fi(D) < /u(-D) + ji{D \ D) = fi(D). Further, it is not difficult 
to show that (x{D) < r^j Al , 1 , Afc ■ Combining the previous three estimates yields 
^ < J^31_l_. smce"' " 



Ai..-A fc aw 5 (r)A r -Ar ^(d fc )Ai-.-A fc 

and C/ (g(dk) Ai ■ ■ ■ A k ) — > as — > oo by the hypothesis, an application of Lemma 
13.21 finishes the proof. □ 

Our goal is to construct a family of sets that, given e > 0, satisfies the nesting 
conditions with A k > \ - e, d k < l/E k {2(3) and A C J(E X ). Then we can use the 
above lemma and the functional equation for $ to obtain the desired result. 

In the remaining part of this section, let A G C be fixed. For 5 > 0, we define 

- 2 + o - arg A, - - d - arg A 
and 

Js '■= {z G C | 3z G (7,5 + 27rzfc) for some fc G Z} . 
If z = x + G J<5, then argi? A (2;) = arg A + y, and hence 

(3.3) $lE x (z) = |A|e^cosarg£ A (z) > |A| cos - S^e** =: Ce® z . 

Consequently the real part of E x (z) grows exponentially fast as long as the iterates 
E™(z) stay in Js and 5te is large enough, so z G I(E\) C J{E X ) if 

• E%(z) G J s for all n G N and 

• z belongs to a suitable right half plane. 
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To estimate the densities of our sets later on, we need the following lemma, which 
we do not prove it in full detail since its statement is quite obvious. We introduce a 
notation first and state the lemma afterwards. 

Definition 3.4 (r-box, r-packing) For r > 0, a subset Q C C is an r-box if 
Q = Q(zo,r,0) for some z G C, i.e. a square of side length r with sides parallel to 
the coordinate axes. For a set B C C and r > 0, an r-packing of B is a union of 
disjoint r-boxes which are contained in B. 

Lemma 3.5 For every 5,5' > 0, there exists r > with the following property: If 
r < r Q , we can find c(r) > such that for every z G C, c > c(r) and 9 G M, the set 
Q := Q(z , cr, 9) fl J$ has an r-packing packg which satisfies 

dens(pack Q , Q) > \ - - - 5' . 

Proof. It is easy to see that for every r > 0, there exists c > which satisfies 

1 5 5' 

dens( Jg, Q(zq, rc,9)) > — for every zq G C, 9 G M. 

2 TT 2 

Let Q = Q(z Q ,rc,9) be an arbitrary square in C. In order to find our r-packing of 
Q, we fix some small e > and cover C with an (r + e)-grid of (r + e)-boxes. We 
define an r-packing pack^ of Q fl J$ as follows: An r-box Q(z,r, 0) is contained in 
packQ if and only if Q(z, r + e, 0) is completely contained in J,5 fl Q and belongs to 
the (r + e)-grid. 

We want to estimate the number of (r + e)-boxes which are contained in packQ. 



First, note that at least 



( rc y 

(r+£) 2 



squares from the grid intersect Q, because otherwise 

the sum of the areas of the grid squares would be less than {re) 2 = \Q\ which is a 
contradiction. Since 

U.ng|>(i-i-f) W |, 

it follows that the number of grid squares that intersect J$ fl Q is at least 

'1 5 5'\ (re) 2 



.1 7T 2J(r + e) 2 _ 

The number of grid squares that intersect Q and the boundary of a particular strip T 
in J$ is bounded by 0{j^) = 0(c), and there are O(ro) strips in J$ intersecting Q. 
Hence it follows that the number of grid squares that intersect dJs fl Q is bounded 
by O{ro 2 ). Consequently, 

1 " S ' 0Q + 0(r) 



2 7T 2 
2 TT 



if r is small enough and c is large enough. □ 
The next result, which is mainly an application of the preceding lemma, will help 
us to estimate the densities of our nested sets. 
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Lemma 3.6 For every e > 0, there exist 5 > andr® > with the following property: 
If r < r , we can find x > such that if 

Q := Q(z Q , r, 6) C ( J s n{z\$tz> x}), 

then there exists an r-packing packg^g) of E X (Q) R Js with 

dens(pack E x{Q) , E X (Q)) > - - e. 

Proof. Let e > 0. Because E x is univalent on D(z,ii) for all z G C, we conclude 
from Lemma 12.81 that there exists r\ > such that for every r' < T\ and every 
Q = Q(z, r', 6>), we can find a square 



Q(E x (z),\E' x (z)\r>— i—tl-Vae)) 



which is contained in E X (Q) and another square 

q(e x (z), \E' x (z)\ r'D(E x \ Q )(l + V2s] 



that contains E X (Q). By Lemma [2T6l we can choose r 2 so small that D(E x \q) < 1 + e 
for every Q = Q(z,r', 6), r' < r 2 . Hence 

q(e x (z), \E x (z)\r'jl—(l - v^e)) C E X (Q) C q(e x (z), \E x (z)\ /(l + e)(l + v 7 ^ 

for all / < min {n, r 2 } and all Q = Q(z, /, #). Now choose 5, 5' > such that 

1 5 1 

(5> £. 

2 7T 2 

By Lemma T3.51 there exists r 3 > with the following property: 

If r' < r 3 , we can find c(r') > such that for every Q = Q(2, cr', 0) (where c > c(/)), 

the set Q C\Js has an r'-packing packQ with 

(3.4) dens(packg, Q) > - — e. 

So choose r < min {r l7 r 2 , r 3 } and c(r) > with the above property. Then we can 
find x > such that 

1 + e 



£aU) > c r) 



1 - v/2e 



for every z G C with > x. If we fix some square Q = Q(z , r, 6) C {2 | > x}, 
it follows that 

1 - \/2V 



Q a :^g(g A (2o),lE A (2)[r C E X (Q) 



C q(^a(2o), |^a(2)| r(l + e)(l + >/2e)) =: Q 2 - 
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Let an r-packing pack^ of Qi fl J$ which satisfies (13. 4ft (with Q\ instead of Q) be 
given. Then packg 1 is also an r-packing of E\(Q) fl J$. Thus 

|pack Qi C\E X (Q)\ 



dens(pack Qi ,E A (Q)) 



> 



\Ex(Q)\ 
|pack Ql n Qi 

|Q 2 | 



pack Qi fl Qi\ 


\Qi\ 


\Qi 


IQ2I 



1 \ (1 - V2e) 2 



>2 £ J (1 + v^e)2(i + £)4' 



Because £ > was arbitrary, we can choose e so small that the last term is smaller 
than § — e. □ 
If we want to estimate the distortion of inverse branches of the exponential map 
with the help of Lemma l2.7l we have to be sure that these inverse branches are defined 
on a large region. This is ensured by the following obvious lemma. 

Lemma 3.7 Let 5 > and J$ be defined as above. Let K > 0. Then there exists 
xo > with the following property: 

l/zeC,neNo with 3lz > xq and E*(z) G Js for all < k < n, then 

3tE%(z) - 9fcE{(0) > K for all0<k<n. 

Finally, the following result will be used to prove the non-a-finiteness. Its proof 
can for example be found in |14j . 



Mt) 
fci(tj 

If A has a -finite 7i hl -measure, then A has zero TC h2 -measure. 



Lemma 3.8 Let hi and h 2 be gauge functions with — > as t — > and A C C 



3.2. A gauge function which leads to infinite measure. After these prepara- 
tions, we can prove the main result of this section. 

Theorem 3.9 Let A G C \ {0} and 7 > such that (3" 1 > 2. Then H h ~<{J{E x )) = 00. 
Proof. First of all, let e > such that 

(3.5) > 1. 

Further, let K > be so large that 

(3.6) (^) <!+.. 



By Lemma lBTBl there exist § > 0, xq > and r > with the following three properties: 

(a) Kr/y/2 < n 

(b) If Q is an r-box with Q C J5 fl {?Rz > x }, then there exists an r-packing 
pack^ A (Q) of E\{Q) fl J«5 such that 

dens(pack£ A(Q) ,£ A (Q)) > - - e. 
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(c) tV2A7|A| < 1 

For every Q as in (b), let B(E\(Q)) denote the collection of the r-boxes that form 
packg A (Q). Choose x\ > xq such that 

(3.7) > E n {2(3) 

for all z G J$ fl {3^2; > x±} and all n G N with E x {z) G J$ whenever < k < n. By 
Lemma [3771 we can choose x<i > x\ such that for all z G J$ H {3^2; > £2} and n G N 
with E x (z) G J<5 for < fc < n, we have 

(3.8) ^#a0) - ^a(°) > -7= whenever < fc < n. 

V2 

We define T := J$ fl {z | !Rz > 22} and choose an r-box Q C T. Now we define a 
family of nested sets as follows: Set A := {Q} and 

A := {G I G C F for some F G A-i and £^(G) G 

for k G N, i.e. Al consists of all preimages (under E\) of the r-boxes that are 
contained in B(E\(Q)), A2 consists of those subsets of elements F G A\ which are 
mapped onto an r-box in B(E X (F)) under E\ and so on. Then {Ak} is a family of 
nested sets. As in Definition 13.11 we define Ak : = {JpeA k ^ an< ^ ^ := f\eN^ fc - Then 
z G A implies that 

El(z) G J s for all n G N . 
It follows from (13.7ft that ?RE x (z) —> 00 as n — > 00, and consequently 2 G J(E\). 

We now want to estimate the densities and diameters of the sets in Ak- If k G N 
and F G then F^ _1 (F) is an r-box Q = Q(zq,r,0). First, we estimate the 

distortion of (-^a) -1 ^^) : E\{Q) — > F. Because of condition (a), E\ is univalent 
on D(zq, Kr/y/2). Further, the branch if of {E x x )~ x \q with <p(zq) G F can be 
continued univalently to D(zq, Kr/y2) because of (|3.8I) . It follows from Lemma [2771 
and (13.61) that 

(3.9) J D((F A fc )" 1 | W )<l + e. 
Thus we obtain by condition (b) and Lemma [2751 (c) that 

^-e<dens( |J Q,E k x (F)) 

QeB(E*(F)) 

<^((^A)- 1 |^(F)) 2 dens(( J E; A fc )- 1 ( |J Q),f) 

QeB(E*(F)) 

<(l + e) 2 dens( U^r^Q),^). 

QeB(E*(F)) 

Since 

A k nF= \J(E k x y 1 (Q)nF, 

QeB(E*(F)) 

it follows that 

(3.10) dens(A.F) = dens( |J {E k x )~\Q),F) > =: A fc . 

QeB(E*(F)) £) 
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Now we turn to the diameters of the sets in Ak- Let F G Ak and u,v G F. Because 
E X (F) is an r-box and hence convex, it follows from the mean value inequality, ( 13.71) 
and condition (c) that 

rV2 1 _ rv^A' 1 1 
(3.11) \u-v\< )A | e E«- H 2(» ~ |A| E*{2p) < EJW) ~' 

So {Ak} satisfies the nesting conditions. To finish the proof, we have to check that t i— > 
($(l/t)) 7 satisfies the condition (13.2ft in Lemma 13731 But this is now straightforward 
and follows mainly from the functional equation (11.11) . combined with (13.101) and 
(I3TTD . In fact, 



$(£ fc (2/3)) 7 
^ fc $(2/3) 



1/2 -e 
1/2 -e 

k 



which tends to infinity as /c — > oo by (13. 5[) . Thus Lemma [3731 shows that J (Ex) has 
infinite 7Y /l7 -measure. □ 
It follows immediately from Lemma [3.81 that 7i hl is not even a-finite on J(E\). 
Note that the set A constructed in the proof above belongs to I (Ex), so the statement 
of the theorem remains true if we replace J (Ex) by I(E\). 



4. The estimate from above 

Recall that E = Ey, (3 = f3y , & = 3>a' and /i 7 = hy tl , where A' G (0, 1/e) is fixed. 
In this section, we prove conversely that if 7 > is chosen such that (3 1 < 2, then 
J(E) has zero measure with respect to h 1 . Note that, in contrast to section 3, the 
parameter of the exponential map whose Julia set we measure and the parameter of 
the gauge function we use for measuring have to be the same. We will get rid of this 
restriction in section 5. 

4.1. Preparations. In [18], Urbahski and Zdunik proved that the set of non-escaping 
points in the Julia set of a hyperbolic exponential map is small: 

Theorem 4.1 Let A G C \ {0} such that Ex is hyperbolic. Then 

ED(j(E x )\I(Ex)) <2. 

In particular, this theorem implies that J(E) \ 1(E) has zero 7i h7 -measure for 
every 7 > 0, which means that we can restrict ourselves to 1(E) if we want to prove 
that J(E) has zero 7i h7 -measure. 

We show that it is in fact sufficient to consider a suitable subset of 1(E). For this, 
we need the following definition: 
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Definition 4.2 For A G C \ {0}, we define 

I R (E X ) := {z E I (E x ) | 9fcE£(z) > i2 for all n E N } . 

Note that 

OG 

(4-1) I(E X ) = |J B^(I R (E X )) 



n=0 



since I(E\) is completely invariant. 



Lemma 4.3 letA G C \ {0} and j,R > 0. Tften H h ^{I R {E x )) = wnp/zes tfiat 
W^(I(£ A ))=0. 

Proof. First note that for every K > 0, there exists > such that h y (Kt) < 
K'h^it). Hence zero T^ 7 -measure is preserved by bilipschitz mappings. The state- 
ment now follows easily from (14.11) since E\ is bilipschitz on small discs. □ 

4.2. A gauge function which leads to zero measure. The main theorem of this 
section is the following: 

Theorem 4.4 Let 7 > such that ^ < 2. Then H h -<(J(E)) = 0. 

The proof of this theorem is rather technical, but the idea could not be simpler: 
For large R, we cover the set Ir(E) by small squares of a definite side length. Chosen 
one of these squares Q, we show that every square Qo inside which is small enough 
has zero T^-measure. We do this by dividing Q Q into smaller squares and showing 
that a certain percentage of these squares does not intersect the Julia set of E. By 
repeating this method, we construct a sequence of coverings of Ir(E) by sets whose 
diameters tend to 0, and an application of the functional equation yields the desired 
result. Observe that the idea of the proof originates from the well known (and much 
easier) result that a porous set has Hausdorff dimension less than 2. 

Before we start proving the theorem, we have to introduce a notation. In the last 
section, we were mostly interested in strips that may contain points in the Julia set 
(the strips that formed Jg). In this section, we are interested in strips which are 
completely contained in the Fatou set: For 5 > 0, we define 



z e C I %z e 



(4k + 1)ti , (4£; + 3)7r • 
z h 0, 



mod 2tt 



Clearly, E$ C J-(E) if 5 is small. Further it is immediate that Lemma 13.61 remains 
valid if we replace J$ by F$. 

Proof of Theorem 14.41 By Theorem 14.11 and Lemma 14.31 it suffices to show that 
H h ^(I R {E)) = for some R > 0. Let e' > such that (1/2 + e')^ < 1. Let e > 
and MEN such that 

1 -2e) 4 (I - V2e\*fM- l\ 2 fl ^ 1 j 



y (l + 2 £ ) 18 Vi + v/2V V M ) \2 J-2 

s /l - V2e\i (1 - 2ef /l \ 1 
V ; Vl + s/2eJ l + 2e 16 V2 J ~ 2 
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and 

, . 1 M 

( 4 - 2 ) TTT > 



M ' 

where we define a by 

4.3 1 + a := = . 

V ; (l-v / 2£)(l-2e) 2 

Now let K > 3 with 

(4.4) (7f^)< 1 + 2£ 

and such that K satisfies the property of Lemma l2~8t If r' > 0, z G C, 9 e R and 
/ : D(z, Kr' /y/2) — > C is univalent, then f(Q(z,r',9)) is contained in some square 
Q(/0), |/'(z)|r'(l + V2e)d) and contains some square Q(f(z), \f (z)\r'(l - V2e)/d), 
where d = D(f\ Q{z y i0) ). 
Let r > with 

(4,) ™(r ± l)^<^ 



(4.7) dens (pack B(Q) , E(Q)) > - - e. 



and such that r satisfies the property of Lemma 13.51 

We can find a constant A > (n + l)^/r ^ such that if Q — Q(z, Ar ,9), then 
there exists an r -packing packQ of Q fl F$ with 

(4.6) dens(packQ, Q) > — — e. 

Because of Lemma 13.61 we can also assume that r is so small that we can find 
R\ > and 5 > with the following property: If Q := Q(z Q ,r ,9) C {%tz > R{\ , 
then E(Q) fl F$ has an repacking pack^(Q) which satisfies 

1 

2 

Further it is clear that there exists a universal constant C with the following property: 
If we partition C into a grid of squares with side lengths r_ and take any square 
Q(z,r + ,9) with r + > r_, then at most CV + /r_ squares of the r_-grid intersect the 
boundary of Q(z, r + , 9). Now let 

B := 90(A + l)r 

and choose C > such that 

C > Mr V2 + B 
and N := (C — Mr V2)r ^^ satisfies 

C" 

!-->!-,. 

In particular, we have C > 4KMr . Let 

L:—C — Mr V2 > B 

and 
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Finally, let R > R x + (A + l)r V2 such that 

(4.8) x > e R-(A+i)roV2 _ a > dist ({^ > ; p(£)) > c + V2Mr , 

where a denotes the real attracting fixed point of E. After these preparations, choose 
some 2q 6 C such that 

and some x = x(Qq) G M. with the following five properties: 

(a) x > L (£ 2 )'(max | 2 G g }) 

(b) -gf < v^-k 

(c) £ n (2x) > (E n )'(x) for all rt G N 

(d) < r 

(e) (£ n+1 )'(x) + v^(£? n )'(x) < V2(E n+1 )'(x) for all n G N 

Note that a; depends on Q only by property (a). From the first condition, it follows 
immediately that 

(4.9) {E m )'{x) > L I (E m+2 )'(z) I for all m G N and z G Q . 

We define inductively a sequence of side lengths r n as follows. Let 

1 



7*1 := 



and for n G N, let r n +i be such that 

— G N and r n (E n+1 )'(x) G ( 

So we can partition every square of side length r n into r 2 /r 2 +1 squares of side length 
r n+ i. Using property (e) of x, it follows easily by induction that 

1 



s/2(E n )'(x) 

Consequently, 



< r n for all n G N. 



(4.10) -= <r n < j- .,. . for all neN. 

Choose neN and a square Q = Q(zq, r n , 0) C Qo such that Q fl Ir(E) 7^ 0. 
Claim: If we partition Q into squares of side length r n+ x, then at least 

of these squares are contained in T{E). 

We start the proof of this claim by showing that there exists k G N such that 
E k {Q) is 'close to a square' of side length bigger than Mr . 

Because of (|4.8j) . we have dist(Q, P(E)) > C. By the blow-up property of J{E) 
(Lemma 12 . 1 h . there exists a minimal k G N such that E k ~ 1 (Q) is contained in some 
square Q(E k ~ 1 (z ), Mr ), but E k (Q) is not. We now show that E^ 1 : Q — > C has 
a univalent continuation to D(z , Kr n / y/2). Let 9? be the branch of (E k ~ 1 )" 1 which 
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is defined on a neighborhood of E k 1 (z Q ) and satisfies tp(E k 1 (z )) = zq. By the 
monodromy theorem and since 

dist(E k - 1 (z ),P(E)) > dist({9fcz > R} , P{E)) - V2Mr >C> AKMr 0l 

we conclude from ( 14.81) that ip has an analytic continuation to D(E k ~ 1 (z ),4:KMr ). 
Because E k ~ 1 (Q) is contained in a disc of radius Mro/y/2, it follows from Lemma [2721 
that 

and consequently 

W{E k -\z Q ))\ > 



Mr 0% /2' 



By the Koebe 1/4-Theorem, we obtain 

V (D(E k -\z )AKMr )) D D(z , M^^o))! KMr ) D D(z , Kr n /V2), 



and therefore E k 1 can be continued univalently to D(zo, Kr n /v2). By Lemma [2761 
and ( 14.4ft . the distortion of E k ~ x satisfies 

(4-11) D{E k ~ x \ Q ) < (^^y <l + 2e. 



K-3, 

It follows from Lemma [2781 that E k ~ l (Q) contains some square 

Qi ■= Q{E k -\zo), \{E k - l )\z Q )\r n {\ - V2e)/(1 + 2s)) 
Dg(E fc - 1 (^),|(^- 1 ) / (^o)|r ra (l-2 £ ) 2 ) 
and is contained in some square 

Q 2 := Q(E k - 1 (z ),\(E k - 1 Y{z )\r n (l + V2e)(l + 2e)) 
cg(^ 1 (z ),|(^ 1 ) , (^o)|r n (l + 2e) 2 ). 
Because the side length ii of Qi is at most Mr , the side length l 2 of Q2 satisfies 

«. < (i±|) W 



l_i_2e\ 2 1 

KMr — < 7T 



Since 

by (|4.5p . is univalent on 

The same arguments as before yield 

(4.12) D(E\ Q2 ) < 1 + 26, 

and hence E(Qi) contains a square of side length \E' (E k ~ 1 (z )) | h(l — V2e)/ (1 + 2e) 
and E{Q 2 ) is contained in a square of side length \E'(E k - l (z G ))\ Z 2 (l - v^)(l + 2e). 
Thus, summarizing the previous estimates, E(Qi) contains some square 
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and E(Q 2 ) is contained in some square 

Q' 2 := Q(E\z G ), \(E k )'(z )\r n (l + s/2e){l + 2ef). 

In particular, Q[ C E k (Q) C (5' 2 - Since E k (Q) is not contained in a square of side 
length Mro, it follows that the side length l 2 of Q 2 satisfies 

Z' 2 > Mr . 

By the definition of a (see (14.31) ) and (14. 2f l . we conclude that 

Zi = > -^Mr > (M — l)r . 

1 + a 1 + a 

If £ is chosen small enough, we can assume that the side length l[ of Q[ is also at 
least Mr . There are two cases: 

Case 1: l[ < Ar . 
Then (if A is chosen large enough) it follows that 1' 2 < (A + l)r . 

We now show that at least almost half of Q belongs to the Fatou set. Choose 
m G N such that mro — r [, but (m + 1)vq > r[. Then m > M — 1 and we can 
find m 2 r^ squares of side length r which have pairwise disjoint interiors and which 
are completely contained in Q' x . Let P = Q(p,r ) be one of these squares. Because 
> R - (A + l)r V2 > Pi for all z E P and by the way R\ and r are defined, 
there exists an r -packing packg(p) of E(P) fl P«5 such that 

dens(packp (P) ,P(P)) > i - e. 

Since is clearly injective on D(p, KMr /V2) (because KMr /\^2 < w), the dis- 
tortion satisfies 

D(E\ P ) < 1 + 2e. 

If y9p denotes the branch of P _1 such that <pp(p&ck E r P \) C P, we obtain by Lemma 
1231 (d) that 

dens(^ P (pack s{P) ),P) > ^ Q - e) . 



If we take the union over all P, it follows that 

dens(|J^p(pack i?( p ) ),g / 1 ) > ^ ^—^ 

and consequently 

dens( (J v?p(packp (P) ), P fc (Q) 



1 \ / m 



2 / \m 



( i_ e V m ^|g; 



l + 2e) 2 V2 Am + 1/ |Q' 2 | 

\2/l \ (1 - 2e) 4 (l - V2e) 



m+lJ \2 7(l + 2e) 10 (l + v / 2e) 
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Taking preimages, it follows from (14. lip and (14. 12ft that 
dens ((P^ 1 ( |J ^ P (pack B(P) )) DQ,Q 



p 

1 / r, 

> 



\2/l \ (1 - 2e)\l - V2e) 2 



> 



D(E k \ Q ) 2 \m+lJ \2 /(l + 2e) 10 (l + s/2e) 2 

1 1 / m \2/l \ (1 -2e) 4 (l - yj2e) 2 

D{E k ~ l \ Q ) 2 D{E\ Q2 ) 2 \m + l) \2~ £ ) (1 + 2e) 10 (l + V2e) 2 

(413) > (*£^±) 2 (±-e) (1 ~ 2£)4(1 ~ ^ Ef 

y ' J ~ \ M J \2 J (1 + 25) 14 (1 + V2e) 2 

We show now that these preimages (which all belong to the Fatou set of E) are 'large' 
compared to a square of side length r n+ \. 

Let P be a square in Q[, and let z G P be arbitrary. Then Jfc > R — (A + l)v2r , 
and consequently 

|#(*)| > A'e fl -( A+1 ^, 

which implies that 

dist(P(z), P(P)) > |P(z)| - a > C 

by the definition of R. Hence the branch ip of (P fc+1 ) _1 with ip(E(z)) G Q can be 
continued univalently to D(E(z), Kro/y/2). We denote (as in section 3) the collection 
of boxes that form pack s(P) by B{E{P)). So if F = Q(^,r ,0) G B(E(P)) and 
■0p' denotes the branch of (P fc+1 )~ 1 with ipp'(P') C Q, then D(ip p/ \ p/ ) < 1 + 2e and 
%j)pi(P') is contained in a square Q' P , of side length 

(4.14) p' P , := \i> pf (z P ,)\r (l + 2e)(l + v^e) 
and contains a square Qpi of side length 

(4.15) PPI := |^(^)koY^(l - V2e). 
Let 

(4.16) wpi := ippi(zpi) G Q. 
We now show that 

(4.17) (E n+1 )'(x) > L | (E k+1 )\w P ,) | , 

which means that r n+ i is much smaller than the size of the preimages of pack P (p) in 
Q. If k < n + 2, then (14.171) is clear by ( 14.91) . so we may assume that k — n > 3. Since 
C > 90(A + l)r , we obtain 

dist(P fc (Q), P(P)) > dist(Q' 2 , P(E)) > 6(A + l)r . 

Hence the branch ipo of (P 70 )" 1 with y2o(P fc (zo)) = can be continued analytically 
to D(E k (z ),6(A + l)r ). Because 



(4.18) |(^)'^o)| < V2(A+1)^ 

rv 



HAUSDORFF MEASURE OF JULIA SETS IN THE EXPONENTIAL FAMILY 



19 



by the same arguments as above, it follows again by the Koebe 1/4-Theorem that 
Thus E k is univalent on D(z , |^)- Corollary 12.31 implies that 

Combining (14TTU1) . f l4TT8l) and (TCT91) . we obtain 

(420) 

For the proof of (I4.17p , it remains to show that 

(4.21) KE n+l (x) > \E k+1 (w P >)\ . 
To see this, we first show that 

(4.22) < k 1/2J ^ for all j G N , 
which is equivalent to 

x > 1/2 i-i for a11 3 e N o- 
Because of the obvious inequality 

2 i( K V^ +1 _ K i/a<) > _ K for all ^ e Nq 

and condition (b) on x, the right side is an increasing sequence tending to x as j : ^ oo, 
and (I4.22P is proven. The inequality (|4.22l) easily implies 

(4.23) E^xf 1123 - 1 < k 1 ' 23 ' 1 for all i,j e N . 
Now suppose that 

(4.24) K E n+1 (x) < |E fc+1 (u;pO| . 
We show that this implies 

« 1/2i S n+1 - i (x) < \E k+1 - j {w P ,)\ for all 1 < j < n. 
This can be done inductively. For j — 1, suppose that 

(wp')| < K 1/2 ^ n (a;). Then 

|£ fc+1 (u> P ,)| = A'e^^') < A'e Kl/2s "^ < (A'e £ "^) Kl/2 = E" +1 (x) kV2 < nE n+1 (x), 

where the second inequality holds because A' < 1 , and the last inequality follows from 
( I4.23p . The step j — > j '< + 1 can be done in exactly the same way. So (14.241) implies 

n k 

K 1 ' 2+ - +1 ' 2Tl \[E\x)<\[\E\w P ,)\, 

j=l j=k—n+l 

which is the same as 

k 

(4.25) k 1 - 1 ' 2 " (E n )\x) < \\ \E j (w P ,)\ . 

j=k—n+l 
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We have 

k 

n \&b°p>)\ = n k- n ,l j( M \{E k )\w P . 

j= k-n + l Yij=l 1^(^)1 

(4-26) < * <E»)'(z) 

U j= i \ EJ {wp>)\ 

by (142UD . and 

(4.27) \E s (wp>) | >R- Mr V2 > C - Mr V2 = L for j < k - n 

since Ir{E) n Q ^ and E^(Q) is contained in a square of side length Mr§ for 
j < k - 1. Combining (I4T251 ). (EBj) and (I4T271) yields 

and hence 

L fc-n 1-V2» 

We now can show easily that this is impossible: It suffices to prove that 

J.k~ n kr Jjk—n—X 



B B 2 



> 1. 



But this is clear since k — n — 1 > 2 and L > B by our assumption. So we have finally 
proved (14.171) . Consequently, the side length ppi of the square Qpr satisfies 



Now we are ready to prove the claim in this case. At least (j—^) 2 squares in the 



r, 



n+ i-grid intersect Qp>, whereas only C'-^- squares of the grid intersect dQpi, which 
implies that 

Pp> \ 2 c> Ppl = (PEL) 2 ( 1 _ c > r -l^) > (PZLYh-c'l) > (—)\l-e) 



r n+1 J r n+ i \r n+ iJ V p P > ) \r n+1 J V N J Vr n+ i 

squares are contained in Qp>. Because all the previous estimates were independent 
of P' and P, we can do the same for every P and every P' G B(E(P)) and obtain 
that at least 



p P'eB(E(P)) 



Pp> x 2 



r n +i 
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squares of the r n+ i-grid are contained in !F{E). It follows now from (14.131) that 



pp> x2 



P P'eB(E(P)) " rn+1 



> 

r 



y/2 



2 

"J 

P P'eB(P(P)) 



, (l-2 £ ) 4 / l- v^e \4/ M-l \2/l 



n+1 

-)7^-e ; 



r n+1 J \2 



so at least 



r \ 2 /l 



,r n+1 / V2 

squares from the r n+1 -grid belong to F(E). 

Case 2: l[ > Ar . In this case, we can find an r -packing packg^ of Q' x fl F$ such 
that 

dens(pack Q ,,Q' 1 ) > - - e. 

Because we have to be sure that (.E^) -1 is univalent on a domain which is large 
enough, we consider only the squares of packQ' which are contained in Q\ \ Y, where 
Y := {z e C I dist(z, P(E)) < vr} C D(0, vr + 1). By the definition of A, we have 

dens(y, Q[) < e, 

hence if packg^y denotes only the elements of packg^ which are contained in Q[ \ Y, 
we easily obtain 

dens(packg^ y , Q[) > dens(packg/ i , Q±) — dens(Y, Q[) > — — 2e. 

Because D(E k \ Q ) < (1 + 2e) 2 , it follows that 

dens((E fc )- 1 (pack Q , Ay ) n Q,Q) > — — — dena(pack (3 / A5 r, E k {Q)) 

= (1 + 2g -j4 dens (P ac V 1 \y' <5'i)dens(Q' 1 , E k {Q)) 

f4 28l (1-2^ (hvg /1 . 

(428) -(l + 2.)-(l + ^) 2 l2- 2£ 

Again, denote by B(Q[ \ Y) the collection of r -boxes that form packQ^y and let 
P' = Q(zp<,r , 0) G B(Q' 1 \ Y). By the definition of Y, it follows that the branch ip P > 
of (E k )~ l that maps P' into Q can be continued univalently to D(z R , KMr /^/2). 
Hence we have as before that ip{P') is contained in a square of side length p' p , and 
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contains a square Qpi of side length ppi, where p' P , and ppi are defined as in (I4.14p 
and ( 14.151) . Let wp> := ipp'(zpt) G Q be as in ( 14.161) . We now show that 



(4.29) (E n+1 y(x)>L\(E k y(w P ,)\. 

First note that because E k ~ l is injective on D(zo, Kr n / \/2), we conclude as in case 1 
(using Corollary 12.31 again) that 



\(E k - l )\w P ,)\<B{E n )'{ 



x) 



and by the same arguments as before, ( 14.291) follows. Again we see (analogously to 
case 1) that Qpi contains at least (1 — e)(J^^) squares in the r n+ i-grid. Since all of 
our estimates were independent of P', we obtain that at least 



E (^ 

p'es(Qi\y) 1 



2 

n+1' 



squares in the r n+1 -grid are contained in J-'(E), and thus we have with (14.280 that 

<i-«) E (^'^(i-iEW 

P'eS(Qi\y) n+ n+1 P'6B(Qi\y) 

1-V2£\ 2 1 



^ (1 - £) (tt5) 2 (TtW £ |TV(p,) 

r n+l Vl + V2^ / ^ ' P'eB(Q' 1 \Y) 



1 . /I - v^A 4 (1 -2 £ ) 4 /l 



2 



r n+ i/ V2 



and our claim is also true in case 2. 
So in each of the two cases, 



1 , £ i\( r n ^ 2 



2 / Vr n+ i 

squares of side length r n+1 suffice to cover Ir(E) HQ. Hence we obtain the following: 
Starting with a square Q of side length r\ depending on Q, we can cover Ir(E) n Q 
by 

1 , £ ,\ n ( n \ 2 



2 / Vr n+ i 
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squares of side length r n+ \. It follows (with h 7 (t) = t 2 $(l/t) 7 ) that 

H^(I R {E)nQ)< lim (l + e') n (^-) 2 h 7 (V2r n+ : 
rc— >oo \z J \r n+ i/ 

= lim (- + e'Yrl2<S>( 



V V2r n+1 

<2r\ lim (^+e) $((£ n+1 )'(x)) 

/ 1 \ n 

<2r\ lim (- + £') $(£ n+1 (2x)) 7 

n^oo \2 / 

/ 1 \ n 

= 2r\ lim (f3 n+1 y$(2x) 



7 



2r 2 /3 7 $(2x) 7 lim (Y-+/)/3 7 ) 

n— *oo V V 2 / / 



= o, 

because /3 7 (l/2 + e') < 1. We now only need to show that Ir(E) can be covered by 
countably many such squares Q: For Q = Q(z ,r ,0), choose x = x(Q ) as before 
(which defines ri), and the intersection of Ir(E) with every square of side length 
ri which is completely contained in Q has zero H^-measure. Because Qo can be 
covered by finitely many squares of side length 77 and Ir(E) can clearly be covered 
by countably many squares of side length r , the theorem is proved. □ 
Observe that because 1(E) C J(E), the previous theorem is clearly also true when 
we replace J[E) by 1(E). 



5. The main theorem and its consequences 

5.1. Equivalence of the gauge functions. In the preceding two sections, we es- 
timated H h -'(J(E X )) for 7 > 0, where h y = h x > n with fixed A' G (0, 1/e). One 
major difference between section 3 and section 4 is that A was an arbitrary element 
of C \ {0} in section 3, whereas A had to equal A' in section 4. In this section, we 
will prove that if A G (0, 1/e), then J(E\) still has zero measure with respect to the 
gauge function /i 7 , where 7 is chosen such that /3 7 < 2. We prove this by showing 
that two gauge functions h\ ini and h\ 2 ^ 2 are equivalent (in the sense that there exist 
constants c, C > with ch\ in(1 (t) < h\ 2l2 (t) < C/?, Al7l (t) if t is small) whenever 

To prove this result, it is more convenient to consider a different parametrization 
of the exponentials with a real repelling fixed point. Let A G (0, 1/e) be fixed. If 
fi G (1, 00) is chosen such that /i/e M = A, i.e. fi = (3\, we conjugate E x by z 1— > z + /1 
and get a corresponding function 

E,(z)=^(e z -l). 

Then is a repelling fixed point of with multiplier /i. If we denote the Poincare 
function of E^ with respect to by it is easy to check that ^^(z) = &\(z + fi). 
If we further set h^(t) := t 2 ($ At (l/t)) 7 , then it is not hard to see that the gauge 
functions and h\ n define the same Hausdorff measure. 
Consequently, the desired statement follows from 
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Theorem 5.1 Let 1 < ^1,^2 < 00 and 71, 72 > swe/i £na£ /i^ 1 = ^ . Let $^,$^2 
and ^1,71,^2,72 ^ e defined as above. Then there exist constants c,C > smc/j £na£ 

^2,72 W 



for every t > sma// enough. 
Proof. First, for an arbitrary ji G (1, 00), define 

L^i := (Efilti) ■ 

Then L^ is defined on (— /i, 00) and a simple computation shows that 

£„(,) = kg (i + |). 

Choose with 

(5.1) L^(x) < \ogx whenever a; > £i(//) 
and 

Xo(lM) := L M (xi(/i)) > 1. 
The functional equation for $ M gives 

%{Ll{x)) = \§»{x) for all n G N. 
A* 

Let x > and n^x) G N such that 

L;^(x)e[xM,xM). 

Then 

= lim fi n L n (x) 

= lim fi n L n ~ n ^ x \L n / (x) {x)) 

= /i n " (:r) lim ^-M^-M^^M^)) 

(5.2) = fjr^Q^L^ix)). 

By induction, it follows easily from (15. ip and the monoticity of the logarithm that 

(5.3) L"(x) < log n (x) if n < n„(x). 

We now prove (also by induction) an inequality in the other direction: We claim that 

(5.4) Z£(ar) > log n (x) - log(/x) if n < n^x). 
First of all, observe that 



L^x) =1ok(1 + - 



g ( X + /D = bg (/"D + bg ( 1 + x) > l ° gX ~ l0g/i ' 
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so the inequality is true for n = 1. Now suppose that it holds for some n < n M (x). 
Then it follows from (I5.3P that log n+1 (x) > x (/x) > 1, in particular log n+1 (x) is well 
defined. We compute 

l; +1 (x) = l,(l;(x)) 

> L^log^x) - log(//)) 

= log (i + !^MzM) 

= log" +1 (x) - log(/x) + log (i + -L - ^) ) 

V log (x) log (x)/ 

>log n+1 (x)-log(/x), 
which finishes the proof of f!5 .41) . We have thus proved that for every /x G (1, oo), 

(5.5) log n (x) - log// < Lfa) < log n (x) 
for all x > xi(fi) and n < n M (x). 

Let such xi(/ii) and xi(/x 2 ) be chosen for /xi and /i 2 and define 

X\ := max {xi(/ii), Xi(/x 2 )} • 

We show that the difference between n Ml (x) and n M2 (x) is uniformly bounded in x. 
Let x > x\. Without loss of generality we may assume that n M1 (x) > n m (x). Using 
(15 .5p . we obtain 

X (/il) < log n "i (x) (x) < Ll n{X \x) + log 01 < X! + log /Xi 

as well as the corresponding statement for /x 2 . If we define xo := min {xo(/xi), xo(/X2)}, 
then 

log nM i ^ (x) G [xo, Xi + log max /Xj] for all x > X\,j = 1, 2. 

i 

Now suppose that (x^) is a sequence of real numbers tending to oo such that 

Because log nn ^ Xh \xk) is bounded below by xq and log^^^^Xfc) is bounded above 
by M = x\ + (1 + e) logmaxj /Xj, we obtain 

x < \og n ^ Xk \x k ) = log {n ^- n ^ ){Xk) (log n ^ {Xk) (x k )) < log (n "i- n "2 )(x,fc) (M), 

which is clearly impossible. It follows that there exists some constant K with 

(5.6) |n Ml (x) — ?V 2 (x)| < K f° r aU # > x ii 

thus this difference is uniformly bounded in x. Let n(x) := n m (x). We use (15.21) to 
deduce that for i = 1,2 and x > x±, 

n u -(x)~ , \ n u .(x) A 

>Hi ^w(^o) =:/*< ^ 

By passing to A := mhijAj and -B := maXj_Bj and using that n M2 (x) G [n(x) — 
K,n(x) + If] by ([fT6]) . it follows that 

^^^^(x)^^^ 
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and that 

for all x > x\. Thus there exist constants K±, K 2 > with 



K x < %^ < K 2 for all x > x uJ = 1,2. 



Now we compare $ Ml and $ M2 . We have 

^(x)<K 2 ^ 



= AT 2 (/X2 T os(M2) 

log(Ml) 

^log(M2) 
, ~ log(Ml) 

=: C"($ M2 (x))TO 



and analogously 

log(Ml) 

^iW > ^i^5wy( $ M 2 (^)) los( ' 12) == c(^ 2 (x)) 



^ lo g(M2> 



Let a := /i^ 1 = /i^ 2 , i.e. 
It follows that 



7i = i for » = 1, 2. 

log /Xj 



, log a ~ log a log Ml 

< C lo SMl (x) logMl logM 2 

~ log g 

=: C$ M2 (x) lD 8"2 



Similarly, there exists c > such that 



for all x > X\. Thus, by the definition of h Mtlil 

C h(M2,'f2V') — ^MliTlW — ^^2,72 (0 

for all t > such that \/t>X\. □ 

Corollary 5.2 lei < A 1; A 2 < 1/e and 71,72 > such that (3^ = Let $ Al , &\ 2 
and h\ ltJ1 , h\ 2a2 be defined as before. Then there exist constants c, C > such that 

c<^M<C 



^2,72 (^) 

ift>0 is small enough. 
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5.2. Proof of the main theorem. The proof of the main theorem is now just a 
combination of the results we achieved in the preceding sections. 

Proof of Theorem ll.lL For the proof of the first statement, let A G C\{0}. Choose 
7 > such that 

(5.7) - — °f r > 7 > K\, for t small enough. 
log$A (l/t) 

Then 

g(t) > <MW 

if t is small enough, which clearly implies that 

n h (j(E x )) >n h ^(j(E x )). 

Further, (j£2H shows that > 2. Thus H h ^i(J(E x )) = oo by Theorem EH and 
the first statement is proven. 

Now we prove the second statement. The hypothesis implies that there exists 7o > 
with 

(5.8) logg^) < ^ gma jj enough, 

From (foT8~j) . it follows that (31° < 2. Now choose A G (0, 1/e) and 7 > such that 
= . It follows from Corollary 15.21 that there exists a constant C > such that 

if t is small enough. Hence 

9 ( t )<^(iy<c* x (i] 

which implies that 

H h (J(E x )) < CH h ^(J(E x )) = 

by Theorem 14.41 Thus the second statement is proven. □ 
Note that by the remarks after the proof of Theorem 13.91 and Theorem 14.41 the 
statement remains true if we replace J(E X ) by I (Ex). 

5.3. Consequences. Finally, we show how results of Astala and Clop, as well as 
Rempe, combined with Theorem 14.11 can be used to give similar estimates for Julia 
sets of hyperbolic and escaping sets of arbitrary exponential maps, but - at least 
a priori - at the expense of the optimal constant K Xo . Rempe ([12], see also |13| ) 
proved that for every A G C \ {0}, there exists R > and a K-quasiconformal map 
<p : C — > C such that 

Eo ( p = ( f ) oE x on I R (Ex). 

In fact, he proved a more general theorem, but here we only need this result. Because 
4> is a conjugacy on a subset of I (Ex), it follows easily that 

(5.9) <P(Ir(E x )) C 1(E). 

Recently, Astala and Clop (oral communication) proved the following result: 
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Theorem 5.3 Let 7 > and /i 7 (t) = t 2 ^(l/t) 7 be a function such that g satisfies the 
following three assumptions: 

• g is monotonically increasing and smooth 

*->-°° 10 a > 

• For each a > 0, there exists C a > anc? t a > sucA f/iai 

whenever t >t a . 

Let tp : C — > C 6e a K -quasiconformal mapping and let F C C 5e compact with 
H h ^(F) = 0. Tften 



H hs {tp{F)) = /or 

A 



_7 
A' 

It is easy to see that $ satisfies the three assumptions from the theorem. By 
Theorem S3 we have 7i h -<(J(E)) = 0, in particula r H h ~>(J(E) n D(0,n)) = for 
every neN. Let 5 < 7/A. Because J7"(A) PI -D(0, n) is a compact set and 0" 1 is also 
a A-quasiconformal mapping, it follows from Theorem 15.31 and I{E) C J[E) that 



H hs (<p~ 1 (I(E) n D(0, n))) = for every neN. 

Since 

4>-\HE)) = |J ^(/(fijnflM), 

neN 

this implies H hs {<f)~\I(E))) = 0. Now, we conclude from (El) that H hs (I R (E x )) = 0, 
and Lemma S3] yields H hs (I(E x )) = 0. Thus we obtain 

Theorem 5.4 For every Ao G (0, 1/e) and A G C\{0}, £/iere exist constants Ai, A 2 > 
(where K\ = log 2/ log /3a(J ifte following property: 
Let h(t) = t 2 g(t) be a gauge function. 

(a) // 

liminf l ° g9( -\, >K 1 , 
t~o log$ Ao (l/t) 

then TL h (I(E\)) = 00. The measure Tt h is not even a-finite on I(E\). 
00 // 

hmsup - — - < A 2 , 

i^O log$ Ao (l/t) 

then H h (I(E x )) = 0. 



In the hyperbolic case, we get the same result for J(E\) by Theorem 14.11 because 
in this situation, the set J'(E\)\I(E\) has zero 7i hA o>T -measure for every A G (0, 1/e) 
and every 7 > 0. We state this result for completeness: 

Theorem 5.5 For every Ao G (0, 1/e) and X G C\{0} such that E\ is hyperbolic, there 
exist constants A 1; A 2 > (where Ki = log 2/ \og(3\ ) with the following property: 
Let h(t) = t 2 g(t) be a gauge function. 
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(a) // 



. , log g(t) 
hm mi — — — -r > a i , 

t~o log$ Ao (l/t) 



[1 
[2 

[3" 

[4 

[5 
[6 

[7; 

[8" 
[9" 

[io; 

[11 

[12 

[13 

[14 
[15 

[16 

[17 

[is; 



then Ti, (J'(Ex)) = oo. The measure 7i is not even a -finite on J(E\). 
00 // 

hmsup - — - < A 2 , 

t^ log$ Ao (l/t) 

then n h {J{E x )) = 0. 
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